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Conduction and convection

Figure 2.  Heat passes from the bulk water 
through a convective boundary layer and then 
conducts into the surrounding rock. From 
Covington et al. (WRR, in press).

Previous models have sometimes assumed heat exchange is limited 
either by convective rates within the water or conductive rates within the 
rock.  However, these assumptions produce dramatically different results!

Conduction-limited 
heat exchange

Figure 3. Longitudinal temperature profiles for the (a) convection-limited and (b) 
conduction-limited solutions. The conductive solution is shown for one flow-
through time (t

1
) and five flow-through times (t

2
). Note that the conductive 

solution allows significantly deeper penetration of temperature pulses (x axis in 
km).  The conduction-limited solution also changes with time. From Covington et 
al. (WRR, in press).

Additional processes occur in open channel 
conduits that have not been considered in 

previous models (radiation and air-convection).
Relative Importance of Radiation

Figure 6.  The ratio of heat flux at 
the water-rock boundary, q''

cond
, to 

the radiative heat flux into the dry 
conduit wall, q''

rad
, as a function of 

time for three choices of the ratio 
between surface areas of dry rock 
and the water free surface, A

d
. At 

short time scales (hours) radiative 
flux is small in comparison to the 
water-rock flux. Dry conduit heat 
fluxes approach wetted conduit 
heat fluxes by day to week time 
scales, showing that radiative 
effects can be quite important. 

Relative Importance of Air-Convection

Figure 1.  The four types of temperature patterns observed at 25 springs and cave streams 
in Minnesota.  From Luhmann et al. (2011).

Validation of the heat transport model by 
simulation of observed stream 

temperature in two cave streams 
with known conduit geometry.

Figure 8. We use our mathematical model of heat 
exchange in karst conduits to simulate stream 
temperatures at downstream data loggers using 
upstream data logger temperatures, discharges, and 
realistic conduit diameters as inputs to the model.  The 
model includes rock conduction and radiative exchange.  
For comparison, the dash-dot lines depict the solutions 
that were obtained for the convection-limited 
assumption.  In both cases, the complete solution 
performs well, whereas the convection-limited solution 
significantly overpredicts thermal damping. From 
Covington et al. (WRR, in press).
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Figure 4.  The convection-limited solution holds at early times 
during a temperature pulse when the rock wall temperature has 
barely changed. The conduction-limited solution applies at late 
times when the rock wall has had time to reach the water 
temperature. The time scale (y-axis) for the validity of these 
solutions can be derived analytically. The convection-limited 
solution only holds for very short times for typical karst conduit 
parameters. Each line is a choice of head gradient (Δh).  From 
Covington et al. (WRR, in press).

Figure 7.  The ratio of air-
convective, q''

air
, to radiative, 

q''
rad

, heat fluxes as a 
function of air flow velocity 
for two choices of air-filled 
hydraulic diameter. For 
typical air velocities of 0.1 m 
s−1, air-convective heat 
exchange is negligible. 
These results apply for 
exchange within conduits 
that are far from entrances. 
Near entrances, air-
convective effects may be 
more important.  
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The convection-limited solution almost never holds 
during turbulent flow over time scales of interest.

Mechanisms for heat exchange

Figure 9. Analytically-derived thermal length scales for pulses with time scales of (a) 5 hours and (b) 1 week. 
Thermal pulses propagate farther with longer duration inputs as more rock surrounding the flow path changes 
temperature. Each line is a choice of head gradient (Δh). From Covington et al. (JGR-ES, in review).

Inverse modeling using a multi-tracer experiment: the future?

Figure 10. Normalized tracer breakthrough curves observed at Freiheit Spring during a multi-tracer 
experiment. Tracers were injected into a nearby sinkhole. From Luhmann et al. (J. Hydrol., in review). 

Figure 11. Chloride and temperature  
breakthrough curves were simulated 
using an advection-dispersion and 
heat transport model. The 
conservative chloride tracer allowed 
calculation of the percentage of tracer 
water at all times. Using this 
information within the model, the 
conduit diameter was adjusted until 
the model temperature curve matched 
the observation. From Luhmann et al. 
(J. Hydrol., in review).
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How far do thermal pulses propagate?

Covington et al. (WRR, in press). Covington et al. (WRR, in press).Figure 5. Covington et al. (WRR, in press).
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